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1. Introduction
The study of Lie symmetries for nonlinear evolution equations has not only provided a signiﬁcant contribution to a
better understanding of these equations, but also played an important role in different areas of applications. Many papers
and monographs have been devoted to this subject [1–8]. Some results on Lie symmetries for bilinear equations have also
been achieved. For example, Tamizhmani, Ramani and Grammaticos [9] have identiﬁed inﬁnite dimensional centerless Kac–
Moody–Virasoro algebras for several bilinear equations. Further results have also been done in [10–13].
Meanwhile, as an active research area in soliton theory and integrable systems, soliton equations with self-consistent
sources (SESCSs) have attracted much attention lately [14–27]. SESCSs have an important role in physical areas such as
hydrodynamics, solid state physics, plasma physics, and so on. Their soliton solutions can explain the interactions between
different solitary waves. For instance, the nonlinear Schrödinger equation with self-consistent sources (NLSESCE) has been
widely studied, which not only describes the soliton propagation in a medium with both resonant and non-resonant non-
linearities [28,29], but also the nonlinear interaction of an electrostatic high-frequency wave with ion acoustic waves in a
two component homogeneous plasma [30].
Since both Lie symmetries and SESCSs have important applications in many areas, it is of interest to look for Lie sym-
metries of SESCSs and study the corresponding Lie symmetry algebras.
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difference KPESCS. There exist direct ways for deriving Lie symmetries in the literature, e.g., via the formal series symmetry
theory [31]. However, in consideration of the speciﬁc structure behind SESCSs (SESCSs can usually be generated from soliton
equations without sources via the source generation procedure (SGP) [32]), it is natural for us to inquire whether there is
a speciﬁc procedure to derive Lie symmetries for SESCSs that is different from known ones. The purpose of this paper is to
propose such a speciﬁc procedure. The main idea is to apply the SGP to symmetry equations satisﬁed by Lie symmetries of
bilinear soliton equations without sources. One of the advantages of this idea is that Lie symmetry can be derived directly
by SGP without using complicated recursion operators, or the formal series symmetry theory, and so on.
This paper is organized as follows. In Section 2, we will describe a procedure for generating Lie symmetries of SESCSs.
Based on this procedure, we construct coupled symmetry equations by taking the KP equation as an illustrative example. As
another application of the SGP, the symmetry equations of the BKPESCS and the differential–difference KPESCS are obtained
in Sections 3 and 4, respectively. Finally, the conclusion and discussions are given in Section 5.
2. Lie symmetries of KPESCS
In this section, we ﬁrst brieﬂy describe our procedure for producing symmetry deﬁnition equations of SESCS. Given Lie
symmetries of a soliton equation without sources. There are four steps involved in the procedure:
1. choose a potential function appearing in the soliton equation without sources and its corresponding Lie symmetries to
be N-soliton solutions;
2. express the N-soliton solutions in step 1 in the form of a determinant or Pfaﬃan with some arbitrary constants, say ci, j ;
3. generalize the original determinant or Pfaﬃan by changing the arbitrary constants into arbitrary functions of one inde-
pendent variable, e.g. ci, j → ci, j(t);
4. seek coupled bilinear symmetry equations whose solutions consist of generalized expressions of the original Lie sym-
metries where the potential function appearing in the generalized expressions is the new generalized determinant or
Pfaﬃan in step 3.
An important characteristic of the above procedure is that we construct the coupled bilinear symmetry equations of
SESCS and give their Lie symmetries simultaneously. In the following discussion, we will explain this procedure in more
details by considering a concrete example.
The (2+ 1)-dimensional KP equation below has been proposed by Kadomtsev and Petviashvili [33]:
(−4ut + uxxx + 6uux)x + 3uyy = 0. (2.1)
Through the dependent variable transformation
u = 2(lnτ )xx,
Eq. (2.1) can be transformation into the bilinear form(
D4x − 4DxDt + 3D2y
)
τ · τ = 0, (2.2)
where D denotes the usual Hirota operator [34]:
Dmy D
k
t a · b ≡
(
∂
∂ y
− ∂
∂ y′
)m(
∂
∂t
− ∂
∂t′
)k
a(y, t)b(y′, t′)
∣∣∣∣
y′=y, t′=t
.
A symmetry σˆτ of the above bilinear KP equation (2.2) is deﬁned as a solution of its linearized form [9]
2
(
D4x − 4DxDt + 3D2y
)
σˆτ · τ = 0, (2.3)
where τ is also the solution of Eq. (2.2). In order to construct the coupled symmetry equations, we start with eight Lie
symmetries σˆi (i = −1,0, . . . ,6) satisfying (2.3) and write them as [10,35]
σˆ−1(α) = 0, (2.4)
σˆ0(α) = −3
4
× 1
4
τ
∞∫
t
α(t)dt, (2.5)
σˆ1(α) = −1
4
yα(t)τ , (2.6)
σˆ2(α) = 1 xατ + 1 α˙y2τ , (2.7)
4 3× 2!
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3
α˙xyτ − 4
32 × 3! α¨y
3τ , (2.8)
σˆ4(α) = ατx + 1
33 × 4!
(
108x2α˙ + 144xy2α¨ + 16y4 ...α)τ , (2.9)
σˆ5(α) = −2ατy − 4
3
yα˙τx − 1
34 × 5!
(
2160x2 yα¨ + 960xy3 ...α + 64y5α(4))τ , (2.10)
σˆ6(α) = 4ατt + 8
3
yα˙τy +
(
4
3
xα˙ + 8
9
y2α¨
)
τx
+ 1
35 × 6!
(
12960x3α¨ + 25920x2 y2 ...α + 5760xy4α(4) + 256y6α(5))τ , (2.11)
where α(t) is an arbitrary function of t , α(n) = ∂n
∂tn α, α˙ = ∂∂tα, α¨ = ∂
2
∂t2
α, and so on. The value of τ is chosen to be the
best-represented N-soliton solutions expressed in the form [36]
τ = det
(
ci j +
x∫
−∞
ϕiψ j dx
)
1i, jN
, ci j = constant, (2.12)
where ϕi , ψ j satisfy the linear differential equations
ϕiy = ϕixx, ϕit = ϕixxx (i = 1,2, . . . ,N),
ψ jy = −ψ jxx, ψ jt = ψ jxxx ( j = 1,2, . . . ,N).
Here we assume that ϕi , ψ j and their derivatives tend to zero as x → −∞.
Now, we construct the coupled symmetry equations of KPESCS following the SGP. Firstly, we change solutions (2.12) and
Lie symmetries (2.4)–(2.11) into the form
f = |A| = det
(
Cij +
x∫
−∞
ϕiψ j dx
)
1i, jN
, (2.13)
σ−1(α) = 0, (2.14)
σ0(α) = −3
4
× 1
4
f
∞∫
t
α(t)dt, (2.15)
σ1(α) = −1
4
yα(t) f , (2.16)
σ2(α) = 1
4
xα f + 1
3× 2! α˙y
2 f , (2.17)
σ3(α) = −1
3
α˙xyf − 4
32 × 3! α¨y
3 f , (2.18)
σ4(α) = α fx + 1
33 × 4!
(
108x2α˙ + 144xy2α¨ + 16y4 ...α) f , (2.19)
σ5(α) = −2α f y − 4
3
yα˙ fx − 1
34 × 5!
(
2160x2 yα¨ + 960xy3 ...α + 64y5α(4)) f , (2.20)
σ6(α) = 4α ft + 8
3
yα˙ f y +
(
4
3
xα˙ + 8
9
y2α¨
)
fx
+ 1
35 × 6!
(
12960x3α¨ + 25920x2 y2 ...α + 5760xy4α(4) + 256y6α(5)) f , (2.21)
where the N × N matrix C satisﬁes
Cij =
{
Ci(t), i = j and 1 i  K  N,
ci j, otherwise,
and ϕi , ψ j are deﬁned as before. In this regard, we introduce some more new functions deﬁned by (for i = 1,2, . . . , K )
gi = 2
√
2C˙i(t)| l A0,i |, hi = 2
√
2C˙i(t)
∣∣∣∣ sTAi,0
∣∣∣∣ , (2.22)
ρ−1i(α) = α(t)gi, θ−1i(α) = −α(t)hi, (2.23)
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1
4
gi
∞∫
t
α(t)dt, θ0i(α) = −34 ×
1
4
hi
∞∫
t
α(t)dt, (2.24)
ρ1i(α) = −14 yα(t)gi, θ1i(α) = −
1
4
yα(t)hi, (2.25)
ρ2i(α) = 14 xαgi +
1
3× 2! α˙y
2gi, θ2i(α) = 14 xαhi +
1
3× 2! α˙y
2hi, (2.26)
ρ3i(α) = −13 α˙xygi −
4
32 × 3! α¨y
3gi, θ3i(α) = −13 α˙xyhi −
4
32 × 3! α¨y
3hi, (2.27)
ρ4i(α) = αgix + 133 × 4!
(
108x2α˙ + 144xy2α¨ + 16y4 ...α)gi + 23 yα˙gi, (2.28)
θ4i(α) = αhix + 133 × 4!
(
108x2α˙ + 144xy2α¨ + 16y4 ...α)hi − 23 yα˙hi, (2.29)
ρ5i(α) = −2αgiy − 43 yα˙gix −
1
34 × 5!
(
2160x2 yα¨ + 960xy3 ...α + 64y5α(4))gi − 23
(
xα˙ + 2
3
y2α¨
)
gi, (2.30)
θ5i(α) = −2αhiy − 43 yα˙hix −
1
34 × 5!
(
2160x2 yα¨ + 960xy3 ...α + 64y5α(4))hi + 23
(
xα˙ + 2
3
y2α¨
)
hi, (2.31)
ρ6i(α) = 4αgit + 83 yα˙giy +
(
4
3
xα˙ + 8
9
y2α¨
)
gix + 135 × 6!
(
12960x3α¨ + 25920x2 y2 ...α
+ 5760xy4α(4) + 256y6α(5))gi + 83 α˙gi +
(
8
9
α¨xy + 16
34
y3
...
α
)
gi, (2.32)
θ6i(α) = 4αhit + 83 yα˙hiy +
(
4
3
xα˙ + 8
9
y2α¨
)
hix + 1
35 × 6!
(
12960x3α¨ + 25920x2 y2 ...α
+ 5760xy4α(4) + 256y6α(5))hi + 83 α˙hi −
(
8
9
α¨xy + 16
34
y3
...
α
)
hi, (2.33)
where l = (ϕ1, . . . , ϕN )T and s = (ψ1, . . . ,ψN )t . Also Aij denotes a matrix resulting from eliminating the ith row and jth col-
umn from the matrix A, and Ai,0, A0, j denote matrices resulting from eliminating the ith row and jth column, respectively,
from the matrix A. We can show that the functions in (2.13)–(2.33) satisfy the bilinear equations
2
(
D4x − 4DxDt + 3D2y
)
σ · f =
K∑
i=1
(giθi + ρihi), (2.34)
(
Dy + D2x
)
( f · ρi + σ · gi) = 0, i = 1,2, . . . , K , (2.35)(
Dy + D2x
)
(θi · f + hi · σ) = 0, i = 1,2, . . . , K , (2.36)
which is actually the symmetry equation of KPESCS [15,37–40]:
(
D4x − 4DxDt + 3D2y
)
f · f =
K∑
i=1
gihi, (2.37)
(
Dy + D2x
)
f · gi = 0, i = 1,2, . . . , K , (2.38)(
Dy + D2x
)
hi · f = 0, i = 1,2, . . . , K . (2.39)
We now prove that Eqs. (2.34)–(2.36) together form the symmetry equation of Eqs. (2.37)–(2.39). From [40], we know that
{ f , gi,hi} obviously satisfy Eqs. (2.37)–(2.39). Hence we only need to verify that the bilinear equations (2.34)–(2.36) hold
for the functions in (2.13)–(2.33). In fact, with the assistance of Hirota’s bilinear identities and determinant identities [34],
by substituting functions (2.13)–(2.33) into (2.34), we get eight identities, each of which is a summation of the product of a
determinant identity or its derivative and δxa yb ∂
e
∂te α, where δ = constant and a, b, e are non-negative integers. These eight
identities can be written in a uniﬁed form:
0 =
∑
δxa yb
∂e
∂te
α × ∂
λ+μ+ν
∂xλ∂ yμ∂tν
[
K∑
i=1
C˙i(t)
(∣∣∣∣0 sTl Ai,i
∣∣∣∣|A| − ∣∣∣∣0 sTl A
∣∣∣∣|Ai,i| − | l A0,i |∣∣∣∣ sTAi,0
∣∣∣∣)
− 3
(∣∣∣∣ 0 sTlx A
∣∣∣∣∣∣∣∣0 sTxl A
∣∣∣∣− ∣∣∣∣0 sTl A
∣∣∣∣∣∣∣∣ 0 sTxlx A
∣∣∣∣+
∣∣∣∣∣0 0 s
T
0 0 sTx
∣∣∣∣∣|A|
)]
, (2.40)
l lx A
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∑
means a summation over some combinations
of a, b, e, λ, μ, ν , with λ, μ, ν satisfying the following relations:
λ,μ,ν = 0 or 1,
0 λ + μ + ν  1.
On the other hand, substituting functions (2.13)–(2.33) into the left-hand side of (2.35) yield a formal expression:
∑
δxa yb
∂e
∂te
α × ∂
λ+μ+ν
∂xλ∂ yμ∂tν
[
2
√
2C˙i(t)
(∣∣∣∣ 0 sTlx A
∣∣∣∣| l A0,i | − ∣∣∣∣0 sTl A
∣∣∣∣| lx A0,i | + ∣∣∣∣0 0 sˆTil lx A0,i
∣∣∣∣|A|)],
i = 1,2, . . . , K , (2.41)
where sˆTi denotes vectors resulting from eliminating the ith element from s. The above expression is nothing but zero
according to the Plücker relation of determinants [34]. Thus Eq. (2.35) holds. Much in the same way, we can verify that
Eq. (2.36) holds. Therefore Eqs. (2.34)–(2.36) form the symmetry equation of Eqs. (2.37)–(2.39), and (2.14)–(2.21) and (2.23)–
(2.33) are Lie symmetries of Eqs. (2.37)–(2.39).
Remark 1. The above results in this section indicate that we can derive nontrivial symmetries of the KPSCSs from trivial
symmetries of the KP by the SGP. For example,
σ−1 = 0 SGP−−−→ Σ−1 =
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
σ−1
ρ−11
.
.
.
ρ−1K
θ−11
.
.
.
θ−1K
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=
⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0
α(t)g1
.
.
.
α(t)gK
−α(t)h1
.
.
.
−α(t)hK
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
Here we denote (σm,ρm1, . . . , ρmK , θm1, . . . , θmK )T by Σm (m = −1, . . . ,6) for simplicity.
The above results are summarized in the following proposition:
Proposition 1. Eqs. (2.34)–(2.36) form the symmetry equation of Eqs. (2.37)–(2.39). In addition, (2.14)–(2.21) and (2.23)–(2.33) are
Lie symmetries of Eqs. (2.37)–(2.39).
The proof can be completed by a symbolic computation software.
After detailed calculations, we can see that the generalized symmetries Σm of the KPESCS constitute an inﬁnite dimen-
sional centerless Kac–Moody–Virasoro algebra[
Σ−1(α1),Σ j(α2)
]= 0, j = −1,0, . . . ,5,[
Σ−1(α1),Σ6(α2)
]= −4Σ−1(α˙1α2),[
Σ4(α1),Σ5(α2)
]= −4
3
Σ3(2α˙1α2 − α1α˙2) + 2
3
Σ−1(2α˙1α2 − α1α˙2),[
Σm(α1),Σn(α2)
]= −4
3
Σm+n−6
[
(n − 3)α˙1α2 − (m − 3)α1α˙2
]
,
{m,n = 0,1, . . . ,6} \ ({m = 4,n = 5} ∪ {m = 5,n = 4})(
Σk(α) = (0,0, . . . ,0,0, . . . ,0)T , k < −1
)
, (2.42)
where the Lie product [A, B] is deﬁned as
[A, B] = ∂
∂
[
A(U + B) − B(U + A)]∣∣
=0,
with U = ( f , g1, . . . , gK ,h1, . . . ,hK )T .
Remark 2. {Σ−1} forms an ideal in L = {Σ−1,Σ0,Σ1,Σ2,Σ3,Σ4,Σ5,Σ6}.
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The symmetry deﬁnition equation of the bilinear BKP hierarchy (KP hierarchy of the B-type) was introduced by Tamizh-
mani, Ramani and Grammaticos [9] in 1991. We take the symmetry equation of a (2 + 1)-dimensional Sawada–Kotera (SK)
equation as an example. The symmetry equation in bilinear form is given by
2
(
D6x − 5D3x D y − 5D2y + 9DxDt
)
σˆ · τ = 0, (3.1)
where τ simultaneously satisﬁes the bilinear SK equation [41,42](
D6x − 5D3x D y − 5D2y + 9DxDt
)
τ · τ = 0. (3.2)
In order to construct the coupled symmetry equations of SKESCS, we consider the seven Lie symmetries below [11] for
the σˆ in Eq. (3.1):
σˆ−1(α) = 0, (3.3)
σˆ0(α) = 5
2× 38 τ
t∫
−∞
α(t)dt, (3.4)
σˆ1(α) = − 1
2× 35 yα(t)τ , (3.5)
σˆ2(α) = 1
2× 34
(
xα + 9
10
y2α˙
)
τ , (3.6)
σˆ3(α) = −1
9
ατx +
(
− 9
270
xyα¨ − 9
2
8100
)
y3α¨τ , (3.7)
σˆ4(α) = ατy + 9
15
yα˙τx +
(
9
180
x2α˙ + 9
2
900
xy2α¨ + 9
3
54000
y4
...
α
)
τ , (3.8)
σˆ5(α) = −9ατt − 27
5
yα˙τy − 1
5
(
9xα˙ + 9
2
10
y2α¨
)
τx −
(
92
300
x2 yα¨ + 9
3
4500
xy3
...
α + 9
4
450000
y5α(4)
)
τ . (3.9)
Here τ , being solutions of Eq. (3.2) at the same time, is chosen to be the best-represented N-soliton solutions expressed by
the Pfaﬃans [41,42]
τ = (1,2, . . . ,2N), (3.10)
where Pfaﬃan entries (i, j) are given by
(i, j) = ci j +
x∫
−∞
Dxφi · φ j dx.
In the above expression, each function φi = φi(x, y, t) satisﬁes the linear equations
∂
∂ y
φi = ∂
3
∂x3
φi,
∂
∂t
φi = ∂
5
∂x5
φi (3.11)
under the boundary condition φi = 0, and ci j = −c ji is constant. It has been proved in [42] that τ has the differential
formulae
τx = (d0,d1,1, . . . ,2N),
τy = (d0,d3,1, . . . ,2N) − 2(d1,d2,1, . . . ,2N),
· · · · · · · · ·
where dm is deﬁned by
(dm, j) = ∂
m
∂xm
φ j, m = 0,1, . . . ,
(dm,dn) = 0, n,m = 0,1, . . . .
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f = (1,2, . . . ,2N)1 = (•)1, (3.12)
σ−1(α) = 0, (3.13)
σ0(α) = 5
2× 38 f
t∫
−∞
α(t)dt, (3.14)
σ1(α) = − 1
2× 35 yα(t) f , (3.15)
σ2(α) = 1
2× 34
(
xα + 9
10
y2α˙
)
f , (3.16)
σ3(α) = −1
9
α fx +
(
− 9
270
xyα¨ − 9
2
8100
)
y3α¨ f , (3.17)
σ4(α) = α f y + 9
15
yα˙ fx +
(
9
180
x2α˙ + 9
2
900
xy2α¨ + 9
3
54000
y4
...
α
)
f , (3.18)
σ5(α) = −9α ft − 27
5
yα˙ f y − 1
5
(
9xα˙ + 9
2
10
y2α¨
)
fx −
(
92
300
x2 yα¨ + 9
3
4500
xy3
...
α + 9
4
450000
y5α(4)
)
f , (3.19)
where the Pfaﬃan elements of (3.12) are deﬁned by
(i, j)1 = Cij +
x∫
−∞
Dxφi · φ j dx, i, j = 1,2, . . . ,2N,
with Cij = −C ji satisfying
Cij =
{
Ck(t), i = 2k − 1, j = 2k, k = 1,2, . . . , K ,
ci j, otherwise.
Then the f and σ in (3.12)–(3.19) satisfy the new equation
2
(
D6x − 5D3x D y − 5D2y + 9DxDt
)
σ · f =
K∑
k=1
Dx(gk · θk + ρk · hk). (3.20)
Here gk , hk , ρk , θk are deﬁned by (for k = 1,2, . . . , K )
gk = 3
√
2C˙k(t)(d0,1, . . . ,̂2k − 1, . . . ,2N)1, (3.21)
hk = 3
√
2C˙k(t)(d0,1, . . . , 2̂k, . . . ,2N)1, (3.22)
ρ−1k(α) = α(t)gk, θ−1k(α) = −α(t)hk, (3.23)
ρ0k(α) = 52× 38 gk
t∫
−∞
α(t)dt, θ0k(α) = 52× 38 hk
t∫
−∞
α(t)dt, (3.24)
ρ1k(α) = − 12× 35 yα(t)gk, θ1k(α) = −
1
2× 35 yα(t)hk, (3.25)
ρ2k(α) = 12× 34
(
xα + 9
10
y2α˙
)
gk, θ2k(α) = 12× 34
(
xα + 9
10
y2α˙
)
hk, (3.26)
ρ3k(α) = −19αgkx +
(
− 9
270
xyα¨ − 9
2
8100
)
y3α¨ fk, (3.27)
θ3k(α) = −19αhkx +
(
− 9
270
xyα¨ − 9
2
8100
)
y3α¨hk, (3.28)
ρ4k(α) = αgky + 915 yα˙gkx +
(
9
180
x2α˙ + 9
2
900
xy2α¨ + 9
3
54000
y4
...
α
)
gk, (3.29)
θ4k(α) = αhky + 9 yα˙hkx +
(
9
x2α˙ + 9
2
xy2α¨ + 9
3
y4
...
α
)
hk, (3.30)15 180 900 54000
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1
5
(
9xα˙ + 9
2
10
y2α¨
)
gkx −
(
92
300
x2 yα¨ + 9
3
4500
xy3
...
α
+ 9
4
450000
y5α(4)
)
gk − 92 α˙gk, (3.31)
θ5k(α) = −9αhkt − 275 yα˙hky −
1
5
(
9xα˙ + 9
2
10
y2α¨
)
hkx −
(
92
300
x2 yα¨ + 9
3
4500
xy3
...
α
+ 9
4
450000
y5α(4)
)
hk − 92 α˙hk, (3.32)
where jˆ represents elimination of j. From expressions (3.21)–(3.32), we can show that gk , hk , ρk , θk satisfy the following
equations at the same:
(
Dy − D3x
)
( f · ρk + σ · gk) = 0, k = 1,2, . . . , K , (3.33)(
Dy − D3x
)
( f · θk + σ · hk) = 0, k = 1,2, . . . , K . (3.34)
We move on to verify that Eqs. (3.20) and (3.33)–(3.34) form the symmetry equation of SKESCS [32]:
(
D6x − 5D3x D y − 5D2y + 9DxDt
)
f · f =
K∑
k=1
Dxgk · hk, (3.35)
(
Dy − D3x
)
f · gk = 0, k = 1,2, . . . , K , (3.36)(
Dy − D3x
)
f · hk = 0, k = 1,2, . . . , K . (3.37)
From [32], we know that (3.12) and (3.21)–(3.22) obviously satisfy Eqs. (3.35)–(3.37). Therefore, the only criterion left is to
prove that (3.20) and (3.33)–(3.34) hold for the functions in (3.12)–(3.19) and (3.21)–(3.32). In fact, substituting the functions
in (3.12)–(3.19) and (3.21)–(3.32) into (3.20) yields seven identities that can be expressed in a uniﬁed form:
0 =
∑
δxa yb
∂e
∂te
α × ∂
λ+μ+ν
∂xλ∂ yμ∂tν
[
45× ((d0,d1,d2,d3,•)1(•)1 − (d0,d1,•)1(d2,d3,•)1 + (d0,d2,•)1
× (d1,d3,•)1 − (d0,d3,•)1(d1,d2,•)1
)+ 18 K∑
k=1
C˙k(t)
(
(d0,d1,1, . . . ,̂2k − 1, 2̂k, . . . ,2N)1(•)1
+ (d0,1, . . . ,̂2k − 1, . . . ,2N)1(d1,1, . . . , 2̂k, . . . ,2N)1 − (1, . . . ,̂2k − 1, 2̂k, . . . ,2N)1
× (d0,d1,•)1 − (d0,1, . . . , 2̂k, . . . ,2N)1(d1,1, . . . ,̂2k − 1, . . . ,2N)1
)]
. (3.38)
These identities can be veriﬁed by applying the Pfaﬃan identity [34]. Besides, substituting the functions in (3.12)–(3.19) and
(3.21)–(3.32) into (3.33), we also have a uniﬁed formal expression given by
0 =
∑
δxa yb
∂e
∂te
α × ∂
λ+μ+ν
∂xλ∂ yμ∂tν
[
3
√
2C˙k(t)
(
(d1,d2,•)1(d0, )1 − (•)1(d0,d1,d2, )1
− (d0,d2,•)1(d1, )1 + (d0,d1,•)1(d2, )1
)]
, i = 1,2, . . . , K , (3.39)
where  denotes {1, . . . ,̂2k − 1, . . . ,2N}. This shows that f , gk , σ , ρk satisfy Eq. (3.33). Equally, f , hk , σ , θk satisfy Eq. (3.34).
Thus Eqs. (3.20) and (3.33)–(3.34) constitute a coupled symmetry equation of SKESCS (3.35)–(3.37).
Remark 3. The nontrivial symmetry Σ−1 = (0,α(t)g1, . . . ,α(t)gK ,−α(t)h1, . . . ,−α(t)hK )T is deduced from the trivial sym-
metries σ−1 = 0 in (3.13) by the SGP, where Σm stands for (σm,ρm1, . . . , ρmK , θm1, . . . , θmK )T (m = −1, . . . ,5).
The above results are summarized in the following proposition:
Proposition 2. Eqs. (3.20) and (3.33)–(3.34) constitute the symmetry equation of SKESCS (3.35)–(3.37). In addition, (3.13)–(3.19) and
(3.23)–(3.32) are Lie symmetries of Eqs. (3.35)–(3.37).
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Σ−1(α1),Σ j(α2)
]= 0, j = −1,0, . . . ,4,[
Σ−1(α1),Σ5(α2)
]= 9Σ−1(α˙1α2),[
Σm(α1),Σn(α2)
]= 9
5
Σm+n−5
[
(2n − 5)α˙1α2 − (2m − 5)α1α˙2
]
,
{m,n = 0,1, . . . ,5} (Σi(α) = null vector, i < −1). (3.40)
Remark 4. {Σ−1} is an ideal in {Σ−1,Σ0,Σ1,Σ2,Σ3,Σ4,Σ5}.
4. Lie symmetries of differential–difference KPESCS
In this section, we will focus on generalizing the equation [9]
2
[
(Dt + 2Dy) sinh
(
1
2
Dn
)
− D2y cosh
(
1
2
Dn
)]
σˆ (n) · τn = 0, (4.1)
which is just the symmetry deﬁnition equation of the bilinear differential–difference KP(
Dt + 2Dy − D2y
)
e
1
2 Dnτn · τn = 0. (4.2)
Eq. (4.2) is derived from the so-called differential–difference KP equation [43,44]

(
∂w
∂t
+ 2∂w
∂ y
− 2w ∂w
∂ y
)
= (2+ )∂
2w
∂ y2
(4.3)
through the dependent variable transformation
w = ∂
∂ y
ln
τ (n + 1)
τ (n)
,
where  = E − 1, i.e., w(n) = w(n + 1) − w(n). In order to construct the coupled symmetry equations of the differential–
difference KP ESCS, we consider six Lie symmetries of Eq. (4.1) [45]:
σˆ
(n)
−1 (α) = 0, (4.4)
σˆ
(n)
0 (α) = 6τn
t∫
−∞
α(t)dt, (4.5)
σˆ
(n)
1 (α) = 3yα(t)τn, (4.6)
σˆ
(n)
2 (α) = 3
(
nα + 1
4
y2α˙
)
τn, (4.7)
σˆ
(n)
3 (α) = 3ατny + 3
(
−nα + 1
2
nyα˙ + 1
24
y3α¨
)
τn, (4.8)
σˆ
(n)
4 (α) = 3ατnt +
3
2
yα˙τny + 3
(
nα − 1
2
nyα˙ + 1
4
n2α˙ + 1
8
ny2α¨ + 1
192
y4
...
α
)
τn. (4.9)
Here τn , being simultaneously a solution of Eq. (4.2), is chosen to be the best-represented N-soliton solution by means of a
Pfaﬃan [46]:
τn = pf
(
1, . . . ,N,N∗, . . . ,1∗
)
n, (4.10)
where the Pfaﬃan entries pf(i, j)n are deﬁned by
pf
(
i, j∗
)
n = ci j +
y∫
−∞
φi(n) · φ j(−n)dy,
pf(i, j)n = pf
(
i∗, j∗
)
n = 0, ci j = const,
and the other new Pfaﬃan elements are given by
pf
(
d∗m, i
)
n = φi(n +m), pf
(
dm, j
∗)
n = ψ j(−n +m),
pf
(
d∗m, j∗
) = pf(dm, i)n = pf(dl,dm)n = pf(dl,d∗m) = pf(d∗,d∗m) = 0.n n l n
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∂
∂ y
φi(n) = φi(n + 1) − φi(n), ∂
∂ y
ψ j(−n) = ψ j(−n) − ψ j(−n + 1),
∂
∂t
φi(n) = ∂
2
∂ y2
φi(n) = φi(n + 2) − 2φi(n + 1) + φi(n),
∂
∂t
ψ j(−n) = − ∂
2
∂ y2
ψ j(−n) = −ψ j(−n + 2) + 2ψ j(−n + 1) − ψ j(−n)
under the boundary condition φi = ψ j = 0, and ci j = −c ji is a constant. We now produce the coupled symmetry equations.
Firstly, we express the functions in (4.4)–(4.10) in the form:
fn =
(
1, . . . ,N,N∗, . . . ,1∗
)
n = (•)n, (4.11)
σ
(n)
−1 (α) = 0, (4.12)
σ
(n)
0 (α) = 6 fn
t∫
−∞
α(t)dt, (4.13)
σ
(n)
1 (α) = 3yα(t) fn, (4.14)
σ
(n)
2 (α) = 3
(
nα + 1
4
y2α˙
)
fn, (4.15)
σ
(n)
3 (α) = 3α fny + 3
(
−nα + 1
2
nyα˙ + 1
24
y3α¨
)
fn, (4.16)
σ
(n)
4 (α) = 3α fnt +
3
2
yα˙ fny + 3
(
nα − 1
2
nyα˙ + 1
4
n2α˙ + 1
8
ny2α¨ + 1
192
y4
...
α
)
fn, (4.17)
where the Pfaﬃan elements of (4.11) are deﬁned by
(
i, j∗
)
n = Cij +
y∫
−∞
φi(n) · φ j(−n)dy, i, j = 1,2, . . . ,N,
with Cij = −C ji satisfying
Cij =
{
Ci(t), i = j and 1 i  K  N,
ci j, otherwise.
Then the functions fn and σ (n) will no longer satisfy Eq. (4.1), but instead they fulﬁll
(
Dt + 2Dy − D2y
)
e
1
2 Dn fn · fn +
K∑
i=1
e
1
2 Dn gi,n · hi,n = 0, (4.18)
2
[
(Dt + 2Dy) sinh
(
1
2
Dn
)
− D2y cosh
(
1
2
Dn
)]
σ (n) · fn +
K∑
i=1
e
1
2 Dn
(
gi,n · θ(n)i + ρ(n) · hi,n
)= 0. (4.19)
Here gi,n , hi,n , ρ
(n)
i and θ
(n)
i are given by (for i = 1,2, . . . , K )
gi,n =
√
C˙i(t)
(
d∗−1,1, . . . ,N,N∗, . . . , iˆ∗, . . . ,1∗
)
n, (4.20)
hi,n =
√
C˙i(t)
(
d−1,1, . . . , iˆ, . . . ,N,N∗, . . . ,1∗
)
n, (4.21)
ρ
(n)
−1i(α) = α(t)gi,n, θ(n)−1i(α) = −α(t)hi,n, (4.22)
ρ
(n)
0i (α) = 6gi,n
t∫
−∞
α(t)dt, θ(n)0i (α) = 6hi,n
t∫
−∞
α(t)dt, (4.23)
ρ
(n)
1i (α) = 3yα(t)gi,n, θ(n)1i (α) = 3yα(t)hi,n, (4.24)
ρ
(n)
2i (α) = 3
(
nα + 1 y2α˙
)
gi,n, θ
(n)
2i (α) = 3
(
nα + 1 y2α˙
)
hi,n, (4.25)4 4
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(n)
3i (α) = 3αgi,ny + 3
(
−nα + 1
2
nyα˙ + 1
24
y3α¨
)
gi,n, (4.26)
θ
(n)
3i (α) = 3αhi,ny + 3
(
−nα + 1
2
nyα˙ + 1
24
y3α¨
)
hi,n, (4.27)
ρ
(n)
4i (α) = 3αgi,nt +
3
2
yα˙gi,ny + 3
(
nα − 1
2
nyα˙ + 1
4
n2α˙ + 1
8
ny2α¨ + 1
192
y4
...
α
)
gi,n + 916 α˙gi,n +
1
2
α˙ygi,n, (4.28)
θ
(n)
4i (α) = 3αhi,nt +
3
2
yα˙hi,ny + 3
(
nα − 1
2
nyα˙ + 1
4
n2α˙ + 1
8
ny2α¨ + 1
192
y4
...
α
)
hi,n + 916 α˙hi,n −
1
2
α˙yhi,n, (4.29)
where the ˆ above a letter indicates deletion of the letter itself. We can show that fn , gi,n , hi,n , ρ(n)i and θ(n)i satisfy the
following equations simultaneously:(
Dy + e−Dn − 1
)
fn · gi,n = 0, i = 1,2, . . . , K , (4.30)(
Dy + e−Dn − 1
)
hi,n · fn = 0, i = 1,2, . . . , K , (4.31)(
Dy + e−Dn − 1
)(
fn · ρ(n)i + σ (n) · gi,n
)= 0, i = 1,2, . . . , K , (4.32)(
Dy + e−Dn − 1
)(
hi,n · σ (n) + θ(n)i · fn
)= 0, i = 1,2, . . . , K . (4.33)
Eqs. (4.18) and (4.30)–(4.31), by the transformation fn → fn+ 12 , gi,n → gi,n− 12 , hi,n → hi,n+ 32 , become(
Dt + 2Dy − D2y
)
e
1
2 Dn fn · fn = −
K∑
i=1
e
1
2 Dnhi,n · gi,n,
Dye
1
2 Dn fn · gi,n =
(
e
1
2 Dn − e− 12 Dn ) fn · gi,n,
Dye
1
2 Dn fn · hi,n =
(
e
1
2 Dn − e− 12 Dn) fn · hi,n,
which has been presented as a differential–difference KP equation with self-consistent sources (ESCS) in [27]. In other
words, the differential–difference KPESCS, or equivalently Eqs. (4.18) and (4.30)–(4.31), can be obtained using the SGP. In
the following discussion, we will prove that (4.18), (4.30)–(4.31) and (4.19), (4.32)–(4.33) hold at the same time. In fact,
according to (4.11), (4.20) and (4.21), we have the differential formulae
gi,n+1 =
√
C˙i(t)
(
d∗0,1, . . . ,N,N∗, . . . , iˆ∗, . . . ,1∗
)
n, (4.34)
hi,n−1 =
√
C˙i(t)
(
d0,1, . . . , iˆ, . . . ,N,N
∗, . . . ,1∗
)
n, (4.35)
fnt =
K∑
i=1
√
C˙i(t)
(
1, . . . , iˆ, . . . ,N,N∗, . . . , iˆ∗,1∗
)
n +
(
d0,d
∗
1,•
)
n − 2
(
d0,d
∗
0,•
)
n +
(
d1,d
∗
0,•
)
n, (4.36)
fn+1t =
K∑
i=1
√
C˙i(t)
(
1, . . . , iˆ, . . . ,N,N∗, . . . , iˆ∗,1∗
)
n +
K∑
i=1
√
C˙i(t)
(
d−1,d∗0,1, . . . , iˆ, . . . ,N,N∗, . . . , iˆ∗,1∗
)
n
+ (d0,d∗1,•)n − 2(d−1,d∗1,•)n + (d−1,d∗2,•)n + (d−1,d∗0,d0,d∗1,•)n, (4.37)
gi,ny =
√
C˙i(t)
[(
d∗0,1, . . . ,N,N∗, . . . , iˆ∗, . . . ,1∗
)
n −
(
d∗−1,1, . . . ,N,N∗, . . . , iˆ∗, . . . ,1∗
)
n
+ (d∗−1,d0,d∗0,1, . . . ,N,N∗, . . . , iˆ∗, . . . ,1∗)n], (4.38)
hi,ny =
√
C˙i(t)
[(
d−1,1, . . . , iˆ, . . . ,N,N∗, . . . ,1∗
)
n −
(
d0,1, . . . , iˆ, . . . ,N,N
∗, . . . ,1∗
)
n
+ (d−1,d0,d∗0,1, . . . , iˆ, . . . ,N,N∗, . . . ,1∗)n]. (4.39)
Substituting the functions in (4.11)–(4.17), (4.20)–(4.29) and (4.34)–(4.37) into the left-hand side of Eqs. (4.18) and (4.19),
respectively, leads to seven expressions that can be simpliﬁed to a uniﬁed form:∑
δna yb
∂e
∂te
αˆ × ∂
μ+ν
∂ yμ∂tν
[
2
((
d−1,d∗0,d0,d∗1,•
)
n(•)n −
(
d−1,d∗0,•
)
n
(
d0,d
∗
1,•
)
n
+ (d−1,d∗1,•)n(d0,d∗0,•)n)+ K∑
i=1
C˙i(t)
((
d−1,d∗0, 
)
n(•)n −
(
d−1,d∗0,•
)
n()n
+ (d−1,1, . . . , iˆ, . . . ,N,N∗, . . . ,1∗)n(d∗0,1, . . . , iˆ, . . . ,N,N∗, . . . , iˆ∗, . . . ,1∗)n)
]
, (4.40)
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the relations
μ,ν = 0 or 1,
0μ + ν  1.
Eq. (4.40), derived from Eq. (4.18) for the case {a+b+e+μ+ν = 0, δ = αˆ = 1} and from Eq. (4.19) otherwise, can be veriﬁed
by using the Pfaﬃan identity. Therefore (4.18) and (4.19) hold. In an analogous way, substituting functions in (4.11)–(4.17),
(4.20)–(4.29) and (4.34)–(4.39) into the left-hand side of Eqs. (4.30)–(4.33) arrives at the identities, respectively,∑
δna yb
∂e
∂te
αˆ × ∂
μ+ν
∂ yμ∂tν
[√
C˙i(t)
((
d0,d
∗
0,•
)
n
(
d∗−1,1, . . . ,N,N∗, . . . , iˆ∗,1∗
)
n − (•)n
× (d∗−1,d0,d∗0,1, . . . ,N,N∗, . . . , iˆ∗,1∗)n + (d∗−1,d0,•)n(d∗0,1, . . . ,N,N∗, iˆ∗, . . . ,1∗)n)],∑
δna yb
∂e
∂te
αˆ × ∂
μ+ν
∂ yμ∂tν
[√
C˙i(t)
((
d−1,d∗0,•
)
n
(
d0,1, . . . , iˆ, . . . ,N,N
∗, . . . ,1∗
)
n + (•)n
× (d−1,d0,d∗0,1, . . . , iˆ, . . . ,N,N∗, . . . ,1∗)n − (d0,d∗0,•)n(d−1,1, . . . , iˆ, . . . ,N,N∗, . . . ,1∗)n)].
These two identities can also be proved by applying the Pfaﬃan identity. Thus (4.30)–(4.33) hold. Therefore, the differential–
difference KPESCS and its corresponding symmetry equation have been constructed.
Remark 5. The nontrivial symmetry Σ(n)−1 = (0,α(t)g1,n, . . . ,α(t)gK ,n,−α(t)h1,n, . . . ,−α(t)hK ,n)T is deduced from the trivial
symmetries σ (n)−1 = 0, where Σ(n)l stands for (σ (n)l ,ρ(n)l1 , . . . , ρ(n)lK , θ(n)l1 , . . . , θ (n)lK )T (l = −1, . . . ,4).
The above results are summarized in the following proposition:
Proposition 3. Eqs. (4.19) and (4.32)–(4.33) form the symmetry equation of the set of Eqs. (4.18) and (4.30)–(4.31). Moreover, (4.12)–
(4.17) and (4.22)–(4.29) are Lie symmetries of (4.18) and (4.30)–(4.31).
Via some detailed calculations, we can show that the generalized symmetries Σ(n)l of differential–difference KPESCS
constitute an inﬁnite dimensional centerless Kac–Moody–Virasoro algebra[
Σ
(n)
−1(α1),Σ
(n)
j (α2)
]= 0, j = −1,0, . . . ,3,[
Σ
(n)
−1(α1),Σ
(n)
4 (α2)
]= −3Σ(n)−1 (α˙1α2),[
Σ
(n)
3 (α1),Σ
(n)
4 (α2)
]= −3
2
Σ
(n)
3 (2α˙1α2 − α1α˙2) +
9
2
Σ
(n)
−1(α˙1α2),[
Σ
(n)
k (α1),Σ
(n)
l (α2)
]= −3
4
Σ
(n)
k+l−4
[
(2l − 4)α˙1α2 − (2k − 4)α1α˙2
]
,
{k, l = 0,1, . . . ,4} \ ({k = 3, l = 4} ∪ {k = 4, l = 3})(
Σ
(n)
l (α) = null vector, l < −1
)
. (4.41)
Remark 6. {Σ(n)−1} is an ideal in {Σ(n)−1 ,Σ(n)0 ,Σ(n)1 ,Σ(n)2 ,Σ(n)3 ,Σ(n)4 }.
5. Conclusion and discussions
In this paper, we ﬁrst propose the idea that Lie symmetries of SESCSs can be obtained by using the SGP. This idea has
been successfully applied to the symmetry equations of KP, SK and differential–difference KP, respectively. If we let the
arbitrary function Ci(t) in the solutions of the symmetry equations of these SESCSs to be constant, the symmetry equations
of these SESCSs come back to the initial symmetry equations of soliton equations without sources, and the solutions of the
symmetry equations of SESCSs are reduced to the original solutions of the symmetry equations of soliton equations without
sources. Therefore, the symmetry equations of SESCSs are generalizations of the symmetry equations of soliton equations
without sources, and the solutions of the symmetry equations of these SESCSs, which are essentially Lie symmetries of
SESCSs, obtained in the SGP are also generalizations of Lie symmetries of soliton equations without sources.
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